This paper establishes a new robust delay-dependent stabilization and H ∞ control methods for a class of uncertain stochastic time-delay systems. The delays in state and control input are time-varying continuous functions varying in an interval and uncertainties are norm-bounded. An appropriate LyapunovKrasovskii functional is constructed and a new technique to estimate the upper bound of the stochastic differential of Lyapunov-Krasovskii functional is obtained. Based on the idea of delay decomposition and free-weighting matrices, new and less conservative solutions to the stabilization and H ∞ control problem of uncertain stochastic time-delay systems are provided in terms of linear matrix inequalities. A robust state feedback controller is proposed to guarantee mean-square asymptotic stability as well as the prescribed H ∞ performance for the closed-loop systems. The advantages of the results proposed in this paper, which differ greatly from most of the existing results, lie in their reduced conservatism by thinning the delay partitioning. Numerical examples are provided to show the advantages of the proposed technique.
Introduction
During the past decades, stochastic systems have been an active research topic. Considerable attention has been paid to it and a great number of results related to this subject have been reported in Xu & Chen (2002) , Xia et al. (2008) , Yang et al. (2008) , Qiu et al. (2011) and Huang & Feng (2007) . In many practical systems, such as electronic systems and aircraft systems, there always exist some unavoidable perturbations that should be taken into consideration in system design and performance analysis. Therefore, stochastic systems play an important role in many aspects of science and engineering applications. The phenomena of time delays are often encountered in various systems, such as aircraft stabilization, chemical engineering systems, population dynamics and so on. They are often the source of instability, oscillations and poor performance (Gao et al., 2006 Lam et al., 2007 , Park & Ko, 2007 Peng & Tian, 2008; . Thus, problems of stability and control of time-delay systems have been of great importance and interest. Recently, much attention has been focused on delay-dependent conditionsC. WANG because delay-dependent conditions are generally less conservative than delay-independent ones. Many effective methods have been proposed such as the model transformation methods (Gao & Wang, 2003) , the free-weighting-matrix method (Xu & Lam, 2005; He et al., 2007) and so on.
As is well known, the problem of H ∞ control for systems has been regarded as an important issue in control community and H ∞ performance is an important index for evaluating the disturbance rejection attenuation property. The study of stability analysis and controller synthesis for stochastic systems with time delay has been investigated in past years, and great deals of results related to such systems have been reported in the literature (Xie & Xie, 2000; Xu & Chen, 2003; Chen et al., 2004; . When the parameter uncertainties were considered, the robust stochastic stabilization problem was solved via linear matrix inequality approach in Xie & Xie (2000) . The problem of robust H ∞ control and H ∞ filtering were investigated in Xu & Chen (2002 , respectively. It is noted that all these results are delay independent, which is usually conservative, especially when delays are small. This motivates the development of delay-dependent conditions for stochastic systems. To improve the performance of delay-dependent criteria, much effort has been devoted in recent works. For instance, the Moon's inequalities approach was applied to investigate the problem of delay-dependent robust stochastic stabilization and H ∞ control for stochastic systems with norm-bounded uncertainties and state delay in Chen et al. (2004) , but it does not take the effect of the control input delays into account when the controllers were designed for stochastic systems. Although the problem of the H ∞ control for uncertain stochastic systems with state and input delays was studied in the time delay does not vary in a range. To the best of the authors' knowledge, the delay-range-dependent robust H ∞ control for uncertain stochastic systems with interval time-varying delay in state and control input has not been fully investigated to date, which has motivated the present study.
Recently, some up-to-date techniques, the so-called delay partitioning or delay decomposition, have been developed to investigate different systems with time delay (Zhao et al., 2009; Gao & Chen, 2007; Li et al., 2012 Li et al., , 2014 Li et al., , 2010 . Although, the appealing idea has been verified to be more effective, it is the first attempt to utilize this idea to study the H ∞ control problem for uncertain stochastic systems with interval time-varying delay in state and control input. In this paper, we consider the problems of robust stochastic stabilization and robust H ∞ control for uncertain stochastic systems with interval timevarying delay in state and control input. For the robust H ∞ control problem, the purpose is to design a state-feedback controller such that the resulting closed-loop system is mean-square asymptotically stable while a prescribed H ∞ performance level is satisfied. By using the stochastic analysis technique, a novel Lyapunov-Krasovskii functional is introduced. In order to reduce conservatism in the derivation of criteria, this work resorts to the idea of partitioning the known bounds of the delay interval in multiple regions or subintervals. This allows to reduce the conservatism due to the fact that less restrictive bounds for specific terms in the Lyapunov-Krasovskii functional are derived separately in each subinterval. Less conservative conditions for the solvability of H ∞ control problem are proposed. In addition to delay dependence, the obtained results are also dependent on the decomposition size. Numerical examples are given to illustrate the effectiveness of the results presented. Through the given examples, it can be seen that increasing the number of subintervals may result in the reduction of conservativeness of the derived criteria.
Notation
Through this paper, the superscript T stands for matrix transposition and the symbol * is used to denote the transposed elements in the symmetric positions of a matrix. R n denotes the n-dimensional Euclidean space and R n×n is the set of all n × n real matrices. The notation X Y (respectively, X > Y ) means that the matrix X − Y is positive semi-definite (respectively, positive definite 
E{·} denotes the expectation operator. Matrices, if the dimensions are not explicitly stated, are assumed to have compatible dimensions for algebraic operations.
Problem formulation
Consider the following uncertain stochastic system with interval time-varying delays in state and control input:
where
is a zero-mean Wiener process defined on a complete probability space (Ω, F, {F t } t 0 , P) with a filtration {F t } t 0 satisfying E{dω(t)} = 0 and E{dω D, D d , are known as the real constant matrices, and
where the matrices A, A d , B, B d , F, F d are known as the real constant matrices with appropriate dimensions, and
represent the parameter uncertainties of the system, which are assumed to be of the form
In the above equation, M , N 1 , N 2 , N 3 , N 4 , N 5 , N 6 are known as the real constant matrices with appropriate dimensions and F(t) is the time-varying uncertain matrix satisfying F T (t)F(t) I. Throughout the paper the following concepts and lemmas will be needed.
Definition 1 For the system (1) with u(t) = 0 and v(t) = 0, the equilibrium point is said to be robustly stable mean square if for any ε > 0, there is a scalar δ(ε) > 0 such that
for all admissible uncertainties, when sup
for any initial conditions and all admissible uncertainties, the system (1) with u(t) = 0 and v(t) = 0 is said to be robustly asymptotically stable in the mean square sense.
Definition 2 Given a scalar γ > 0, the uncertain stochastic system (1) with u(t) = 0 is said to be robustly stochastically stable with disturbance attenuation γ , if it is robustly stochastically stable and under zero initial conditions, y(t) 2 < γ v(t) 2 holds for all nonzero v(t) ∈ L 2 [0, ∞) and all admissible uncertainties, where
Lemma 1 (Wang et al., 1992) For any vector x, y ∈ R n , matrices P > 0, D, E, F with appropriate dimensions, and any scalars ε > 0, if
Lemma 2 (Huang & Feng, 2007) For any positive-definite matrix M ∈ R n×n , scalar γ > 0 and vector function f (t) : [0, γ ] → R n , such that the integrations concerned are well-defined, the following inequality holds
Lemma 3 (Ramakrishnan & Ray, 2011) Suppose h 1 h(t) h 2 , where h(t) : R + → R + . Then, for any constant matrices Ξ 1 , Ξ 2 , and Ω with proper dimensions, the following matrix inequality
holds, if and only if
In this paper, our aim is to develop criteria of robust stochastic stabilization and robust H ∞ control for the uncertain stochastic interval time-delay system (1). More specifically, we are concerned with the following two problems:
(1) Robust stochastic stabilization problem: design a memoryless state feedback controller u(t) = Kx(t) for the system (1) with v(t) = 0 such that the resulting closed-loop system
is robustly asymptotically stable for all admissible uncertainties in the mean square sense. In this case, the system (1) with v(t) = 0 is said to be robustly stochastically stabilizable.
(2) Robust H ∞ control problem: given a constant scalar γ > 0, design a state feedback controller u(t) = Kx(t) for the system (1) such that, for all admissible uncertainties, the resulting closed-loop system
is robustly asymptotically stable in the mean square sense and for any nonzero
is satisfied under the zero-initial condition. In this case, the system (1) is said to be robustly stochastically stabilizable with disturbance attenuation level γ .
Main results
This section investigates the problem of robust stochastic stabilization and H ∞ control for uncertain stochastic interval time-delay system. An appropriate Lyapunov-Krasovskii functional is proposed based on the delay partitioning technique. The results obtained here are delay-dependent and are expressed as the feasibility of linear matrix inequalities. They are considerably less conservative than similar expressions appearing in the literature (Fridman & Shaked, 2002; Lee et al., 2004; Xu et al., 2006; Yang et al., 2010) .
Robust stochastic stabilization
This subsection is concerned with the robust stochastic stabilization problem. In order to obtain less conservative sufficient conditions, we decompose the variation interval of delay into multiple subintervals of the same size,
and N is a given integer.
As will be shown, in the following three subsections, stability criteria of the system (5) for N = 2, N = 3, N will be derived, respectively, based on the Lyapunov-Krasovskii stability theorem and delay decomposing method.
Stability criteria for N
We have the following result.
Theorem 1 Consider the uncertain stochastic time-delay system (5). If for prescribed scalars 0
, and scalars ε 1 > 0, ε 2 > 0 such that the following LMIs hold:
T then the system (5) is robustly stochastically stabilizable. Moreover, the state feedback controller is presented by
Proof. Construct the following Lyapunov-Krasovskii functional as
where P, P 1 , P 2 , P 3 , P 4 , S 1 , S 2 and S 3 are all symmetric positive-definite matrices with appropriate dimensions to be determined.
Then the proof can be completed by the same technique as in Theorem 2, and is omitted for brevity.
Theorem 2 Consider the uncertain stochastic time-delay system (5). If for prescribed scalars 0
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T , and H is defined in Theorem 1, then the system (5) is robustly stochastically stabilizable. Moreover, the state feedback controller is presented by u(t) = YX −1 x(t).
Proof. Set a new vector z(t) ∈ R n , such that
Integrating equation (11) 
on both sides from t − h(t) to t gives t t−h(t) z(s) ds = x(t) − x(t − h(t))
Taking the Lyapunov-Krasovskii functional for the system (5) as
where P, P 1 , P 2 , P 3 , P 4 , P 5 , S 1 , S 2 , S 3 and S 4 are all the symmetric positive-definite matrices with appropriate dimensions to be determined. Using Ito's differential formula, we obtain the stochastic differential
It is noted that, for any
. We will discuss LV(x(t), t) in the following three cases.
According to Lemma 2, it can be easily verified that
Define
From (3), we have
Using Lemma 2, we can replace the right-hand side of (18) as
which, in other words, can be expressed as
Similarly, we can deduce the following inequality as well:
Summation of the last two equations yields
From (11), we obtain
Adding the left-hand side of (20) to (13) results in
Taking the mathematical expectation of both sides of (21), and combining (14)- (17), (19) together, we can easily get
with
then LV (x(t), t) < 0, which means that the system (5) with v(t) = 0 is robustly stochastically stable. By using Lemma 4, the convex LMI condition of (23) can be solved nonconservatively at boundary conditions as follows:
Then, pre-and post-multiply (24) and (25) by diag{P
and j = 1, 2, 3. By Schur complement and (4) of Lemma 1, it is easy to check that (9) and (10) with i = 1 are equivalent to (24) and (25), respectively.
Case 2. For h(t) ∈ [h 2 , h 3 ].
By using Lemma 2, we get
Note that
From (22) and (26)-(29), it is easy to show that E{LV (x(t), t)} E{ζ T (t)(Ω + (h
Then, using a similar method in Case 1, it can be concluded that (9) and (10) with i = 2 are equivalent toΩ
which means LV (x(t), t) < 0. Case 3. For h(t) ∈ [h 3 , h 4 ]. Similarly, we also have
Substituting (15), (16), (27) and (30) into (22), it can be shown that 
Similar to the above analysis methods, it can be seen that (9) and (10) with i = 3 can guarantee LV (x(t), t) < 0. From the above discussion, we can see that (9) and (10) with i = 1, 2, 3 can guarantee the robust stochastic stability of the system (5).
Stability criteria for N subintervals Define
We have the following general theorem.
Theorem 3 Consider the uncertain stochastic time-delay system (5). If for prescribed scalars 0 < h m < h M , d, there exist symmetric positive-definite matricesX , , 2, 3 ) and scalars ε 1 > 0, ε 2 > 0 such that the following LMIs hold:
where 
and H is defined in Theorem 1, then the system (5) is robustly stochastically stabilizable. Moreover, the state feedback controller is presented by u(t) = YX −1 x(t).
Proof. Construct the Lyapunov-Krasovskii functional as
where P, P i , i = 1, 2, · · · , N + 2 and S i , i = 1, 2, · · · , N + 1 are all symmetric positive-definite matrices with appropriate dimensions. Choose
In the following, we will discuss the stochastic differential of Lyapunov-Krasovskii functional (31) for N cases, that is,
Then, the proof can be completed by following similar line as in the proof of Theorem 2, we omit it here. By definition, it has been supposed that h m > 0. In the case that the lower bound on the time delay was unknown or exactly zero, it would be necessary to consider the case h m = 0. In such circumstances, LMIs in Theorems 1-3 cannot be solved. So, we can draw the following corollaries.
Corollary 1 Consider the uncertain stochastic time-delay system (5). If for prescribed scalars h M > 0, d, there exist symmetric positive-definite matrices X , 1, 2, 3 ) and scalars ε 1 > 0, ε 2 > 0 such that the following LMIs hold: ⎡ ⎢ ⎣Γ
and H, Γ 22 are defined in Theorem 1. Then the system (5) is robustly stochastically stabilizable. Moreover, the state feedback controller is presented by u(t) = YX −1 x(t).
Proof. It is easy to prove it by the similar idea used for Theorem 1.
Corollary 2 Consider the uncertain stochastic time-delay system (5). If for prescribed scalars
0]
T , and H, Σ 22 are defined in Theorem 2.
Proof. In the case of h m = h 1 = 0, the integral
appear from (12). Obviously, the state vectors x(t − h 1 ) and
ds have to be suppressed from the augmented state vector, taking into account that in the first subinterval x(t − h 1 ) = x(t − 0) = 0. Then, the proof is similar to that of Theorem 2, and is therefore omitted here.
Remark 1 Note that Theorems 1-3 present new delay-dependent stabilization criteria for uncertain stochastic time-delay systems. On the one hand, some weighting matrices are introduced to reduce the conservatism of the results; on the other hand, a new technique, which estimates the upper bound of the stochastic differential of Lyapunov-Krasovskii functional without neglecting any useful terms, is established to deduce the possible conservatism. It is also worth mentioning that the reduced conservatism of Theorems 1-3 lies in the construction of the appropriate Lyapunov-Krasovskii functional and the idea of delay partitioning technique. The conservatism reduction becomes more obvious as the delay partition number increases, which will be illustrated via several examples later.
Remark 2 In the case that h m = 0, when the interval time-varying delay is decomposed into two equidistant subintervals, Theorem 1 reduces to equidistant subintervals, Theorem 2 reduces to Corollary 2. Therefore, when the interval time-varying delay is decomposed into N equidistant subintervals, proceeding in a similar manner as above, we also have new results about Theorem 3 in h m = 0. For brevity, we omit it here.
Robust H ∞ control
In this subsection, we focus on the design of H ∞ controller for uncertain stochastic time-delay systems. Sufficient conditions for the solvability of the robust H ∞ problem are proposed and an LMI approach for designing the desired state feedback controller is developed. , 2, 3) , and scalars ε 1 > 0, ε 2 > 0 such that the following LMIs hold:
Controller design for N
Remark 3 When the time-delay is known but it is not differentiable, namely the delay h(t) satisfies 0 < h(t) < h. All results still hold by suppressing integral t t−h(t) x T (s)P 1 x(s) ds from the Lyapunov-Krasovskii functional and by setting P 1 = 0 in LMIs. We also develop H ∞ controller for the system (6) with delay satisfying 0 < h(t) < h. In the case that h m = 0, when N = 2, Theorem 4 reduces to Corollary 3; when N = 3, Theorem 5 reduces to Corollary 4.
Remark 4 Theorems 4-6 establish the new delay-dependent conditions for the existence of an H ∞ controller. How to develop the less-conservative condition is still a challenging research topic. It is worth pointing out that our criteria extend the constant case as shown in Li et al. (2010 Li et al. ( ), 2014 to the time-varying case, and also extend time-varying case with the restrictionḣ(t) d < 1 in Gao & Wang (2003) to the case that the derivative for time-delay may be more than 1. The restriction as d < 1 limits the application scope of their results. Therefore, our results are more general than the existing ones in the literature. By numerical examples given in the following section, it is shown that, for the same example, the criteria for N = 3 can lead to much less conservative results than those by the criteria for N = 2. Therefore, larger N would yield better results. However, comparing Theorems 3-5, it can be seen that the criteria become more complicated when N increases. In the following examples, we just provide the criteria for N = 2 and 3, which are sufficient enough to show the effectiveness and less conservatism of our method.
Numerical examples
In this section, the following numerical examples are given to demonstrate the effectiveness and less conservativeness of our results. Lee et al. (2004) , Xu et al. (2006) and Yang et al. (2010) to show less conservativeness of our results. Our purpose is to find the upper bound of delay and the minimum guaranteed H ∞ performance γ . Some existing results can be applied to this system. By using Corollaries 1 and 2, we can compute the corresponding maximum allowed delay for different γ and the corresponding minimum allowed γ for different h. The computed results are shown in Tables 1 and 2. Tables 1 and 2 give the comparison results on the maximum allowed delay h for a given γ > 0 and the minimum allowed γ for a given h > 0, respectively, via the methods in Fridman & Shaked (2002) , Lee et al. (2004) and Xu et al. (2006) and Corollaries 1 and 2.
For a given γ = 2.5, the maximum allowed delay was found to be 0.581 in Yang et al. (2010) , while the maximum allowed delays, based on the Corollaries 1 and 2 in our paper, are 0.609 and 0.647, respectively.
From Tables 1 and 2 , it can be seen that our method can lead to less conservative results than those obtained by other existing methods. Furthermore, it is also shown by Tables 1 and 2 that, when N 
We consider the case of d = 0. The aim is to calculate the maximum allowable time delay h such that the system can be stabilized with disturbance attenuation level γ . Based on the criterion in and Corollaries 1 and 2, the computation results for the allowable upper bound of h are shown in Table 3 . Obviously, our results are less conservative than those in the existing reference and, furthermore, it can be seen that increasing N may yield the criteria with less conservativeness.
In this case, the system becomes the one in Chen et al. (2004) . Table 4 lists the results of the maximum allowable time delay derived from methods in Chen et al. (2004) and Corollaries 1 and 2 in this paper. It can be seen from Table 4 that our methods in this paper provide an H ∞ controller achieving much smaller γ for much bigger h, which implies that the proposed method is much less conservative than the existing results.
Conclusion
The robust stochastic stabilization and robust H ∞ control for uncertain stochastic systems with interval time-varying delays have been investigated by using a Lyapunov-Krasovskii approach. We focus on the H ∞ state-feedback controller design and proposed delay-dependent results. By dividing the time-varying delay range into multiple subintervals, the variation of the Lyapunov-Krasovskii functional is checked in different subintervals, respectively. Each subinterval decreases and less conservative criteria can be obtained. Sufficient conditions are obtained in terms of delay-dependent LMIs which can be efficiently solved with available computational software. Numerical examples show that the derived criteria can lead to less conservative results than those obtained based on the existing methods. 
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